Oscillations of a sphere in a cylindrical tube containing a viscous liquid by Basye, Charles Benjamin
Retrospective Theses and Dissertations Iowa State University Capstones, Theses andDissertations
1965
Oscillations of a sphere in a cylindrical tube
containing a viscous liquid
Charles Benjamin Basye
Iowa State University
Follow this and additional works at: https://lib.dr.iastate.edu/rtd
Part of the Applied Mechanics Commons
This Dissertation is brought to you for free and open access by the Iowa State University Capstones, Theses and Dissertations at Iowa State University
Digital Repository. It has been accepted for inclusion in Retrospective Theses and Dissertations by an authorized administrator of Iowa State University
Digital Repository. For more information, please contact digirep@iastate.edu.
Recommended Citation
Basye, Charles Benjamin, "Oscillations of a sphere in a cylindrical tube containing a viscous liquid " (1965). Retrospective Theses and
Dissertations. 4029.
https://lib.dr.iastate.edu/rtd/4029
This dissertation has been 65-12,462 
microfilmed exactly as received 
BAS YE, Charles Benjamin, 1927-
OSCILLATIONS OF A SPHERE IN A CYLINDRICAL 
TUBE CONTAINING A VISCOUS LIQUID. 
Iowa State University of Science and Technology, 
Fn.D., 1965 
Engineering Mechanics 
University Microfilms, Inc., Ann Arbor, Michigan 
OSCILLATIONS OF A SPHERE IN A CYLINDRICAL 
TUBE CONTAINING A VISCOUS LIQUID 
A Dissertation Submitted to the 
Graduate Faculty in Partial Fulfillment of 
The Requirements for the Degree of 
DOCTOR OF PHILOSOPHY 
Major Subject: Engineering Mechanics 
by 
Charles Benjamin Basye 
Approved: 
Work
Iowa State University 
Of Science and Technology 
Ames, Iowa 
1965 
Signature was redacted for privacy.
Signature was redacted for privacy.
Signature was redacted for privacy.
ii 
TABLE OF COHTMTS 
Page 
I. INTRODUCTION 1 
II. REVIEW OF LITERATURE h 
A. Theoretical Investigations U 
B. Experimental Investigations 7 
III. THEORETICAL CONSIDERATIONS 13 
A. The Navier-Stokes Equations l4 
B. Approximate Solutions to the Navier-Stokes Equations 15 
C. Motion of a Solid Sphere in an Infinite Mass of Ideal 
Liquid at Rest at Infinity 17 
D. The Potential Problem of a Sphere Inside a Circular 
Cylinder 18 
E. Motion of a Solid Sphere in an Infinite Mass of Viscous 
Liquid 22 
F. Dimensional Analysis 23 
IV. EXPERIMENTAL INVESTIGATION 30 
A. General Procedure 30 
B. Development of Experimental Procedure 30 
C. Description of Test Equipment 4o 
D. Test Procedure h9 
V. RESULTS 51 
A. General Experimental Results 51 
B. Analysis of Results 66 
VI. SUMMARY AND CONCLUSIONS 82 
iii 
Page 
VII. SUGGESTIONS FOR FURTHER INVESTIGATION - 86 
VIII. LITERATURE CITED 8? 
IX. ACKNOWLEDGEMENTS 91 
X. APPENDIX 92 
1 
I. INTRODUCTION 
The "effective inertia" of an accelerating body is termed the virtual 
mass. The virtual mass is equal to the actual mass or quantity of matter 
for motion in a vacuum. The effective inertia of a body accelerating in 
a fluid is greater than the actual mass and the excess of virtual mass 
over the quantity of matter is the added mass caused by the surrounding 
fluid. 
Qualitatively, the idea of added mass is a familiar one. Birkhoff (6) 
illustrates the phenomenon with an example. "Let a light paddle be dipped 
into still water and then suddenly given a rapid acceleration broadside. 
It is a matter of common experience that the apparent inertia (i.e. resis­
tance to acceleration) of the paddle is greatly increased by the water 
around it. This increased inertia is what is called the 'virtual mass' of 
the paddle, the difference between the real mass and the virtual mass 
being called the 'induced mass' or 'added mass'." 
A non-rigorous explanation of the added mass phenomenon can be pre­
sented from kinetic energy considerations. If a body of mass, m, moves in 
rectilinear motion at a velocity, U, its kinetic energy is 
If a body moves at a. velocity, U, in irrotational motion in an ideal, 
incompressible fluid of infinite extent, at rest at infinity, it can be 
shown that the kinetic energy of the fluid is 
T^ = I kMU^ 
In this equation, M is the mass of displaced fluid and k is a constant 
that is a function of body shape and -direction of motion. The total 
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kinetic energy of the system is equal to + T^, and is 
T = + Tg = i(m+kI^)U^ 
If F is the resultant of the external forces that act on the body to cause 
an acceleration, then 
This equation states that the rate at which external work, is done on the 
system will equal the time rate of change of kinetic energy. However, the 
time rate of change of kinetic energy is also equal to 
i = 
= (m+kM)U ^  
The force F will therefore be 
F = (m+kM) ^  
It is noted that the fluid causes the effective inertia to increase from 
m to m + kM. The term kM is called the added mass and k is the added mass 
coefficient. This explanation of the added mass phenomenon is similar to 
that given by Stelson {k2). 
Added mass is present when there is relative acceleration between a 
body and the surrounding fluid. There are many practical applications in 
which a rigid body is immersed and accelerated in a real liquid which is 
confined in a rigid container. These applications include certain 
vibration damping dashpots, torsional pendulums, components of hydraulic 
actuating and control systems, and vibration measuring instruments. The 
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total effect of the fluid on the accelerating body may be considered to 
consist of two parts. The first is the added mass effect and the second 
is the damping effect. Significant factors which affect the magnitude of 
the added mass and damping effects are the viscosity of the fluid and the 
type and proximity of the boundaries of the container. 
In general, two approaches are available for solving fluid mechanics 
problems. These are the analytical approach and the experimental approach. 
Typical analytical solutions are usually based on either potential flow 
theory or real fluid flow theory. The fluid is assumed to be ideal, or 
to have zero viscosity, when potential flow theory is used. Shearing 
stresses are considered when real fluid flow theory is utilized. A combi­
nation of an experimental approach and a theoretical approach was utilized 
in the present investigation. 
The study of the added mass and the damping of an oscillating rigid 
sphere in a cylindrical tube containing a viscous liquid was the particular 
problem under consideration. The general objectives included the study of 
the effects of fluid viscosity, container boundary proximity, and ampli­
tude of oscillation on the added mass and damping. 
h 
II. REVIEW OF LITERATURE 
This review of literature is divided into two parts. A sizmary of 
theoretical investigations will he followed by a review of experimental 
investigations. 
A. Theoretical Investigations 
1. Nonviscous flow 
* 
In 1831 Poisson read a paper before the French Academy. He consider­
ed the case of a sphere suspended by a fine wire and oscillating in a gas. 
He concluded that the mass which must be added to that of the pendulum is 
equal to half the mass of the fluid displaced. 
Green (13) in l833 presented the results of his theoretical investi­
gation on the motion of ellipsoidal pendulum bobs. He stated "it is not 
sufficient merely to allow for the loss of weight caused by the fluid 
medium, but that it will likewise be requisite to conceive the density of 
the body augmented by a quantity proportional to the density of the fluid. 
The value of the last named quantity has been completely determined, and 
when the spheroid becomes a sphere is precisely equal to half the density of 
the surrounding fluid." 
In I8U3 Stokes (43, ^ 5) solved several problems related to added mass 
of rigid bodies accelerating in ideal fluids. He considered two concentric 
cylinders with fluid filling the cavity between the cylinders, two concen­
tric spheres with fluid filling the cavity, and the effect of a distant 
rigid plane on the motion of a ball pendulum. He also looked into the 
* 
See Stokes (46). 
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motion of fluid in a closed box whose interior is the form of a rectangular 
parallelepiped. 
Birkhoff (6) has an excellent theoretical coverage of added mass. 
Included in his work is a discussion of applications of added mass theory. 
Haberman (lA) solved the potential problem of a sphere located at the 
center of an infinitely long circular cylinder. He considered incompress­
ible potential flow past the sphere and used the solution for the velocity 
potential to determine the added mass of a sphere moving inside the 
cylindrical duct along the axis of the duct. The added mass coefficient 
was plotted as a function of the relative radius of the sphere and 
cylinder. 
2. Lftmi nar motion in a viscous fluid where convective acceleration terms 
are omitted 
The convective acceleration terms in the Navier-Stokes equations were 
omitted in these investigations. The motions were therefore presumably 
confined to low velocities. 
Stokes {kk, h6) investigated the oscillations of a cylinder, sphere, 
and an infinitely long flat plate in a viscous fluid. This important 
work was reported in I85O. Simple harmonic oscillations were assumed. 
The result of his work was the determination of the force exerted by a 
real fluid on the oscillating bodies. This force consisted of a damping 
force proportional to the velocity and an added mass force proportional 
to the acceleration. 
In 1885 Boussinesq. (8) studied the rectilinear motion of a sphere 
accelerating in a viscous fluid. He concluded that an integral term 
which represented the history of the -acceleration should be added to two 
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terms dependent on the instantaneous velocity and acceleration. 
A paper "by Basset (3) was presented in I887. Basset investigated the 
motion of a sphere moving in a viscous liquid along a straight line under 
the action of a constant force, such as gravity. He also analyzed the 
case for a sphere which is surrounded by a viscous liquid, and which is 
set in rotation about a fixed diameter and then released. 
Lamb (21) determined the force exerted by an infinite real fluid on 
an oscillating sphere. His results were the same as those of Stokes (44, 
46).  
3. Lftrrn'nar boundary layer analysis 
In this type of analysis, the shear stresses on the body are calcu­
lated by solving boundary layer equations. The pressure is calculated 
from ideal irrotational flow outside the boundary layer. Since the 
boundary layer equations are non-linear, exact solutions are difficult 
to find. Odar (30) discusses the efforts which have been expended in 
this area. 
Rosenhead (35) examined the utilization of periodic boundary layer 
theory for the determination of the forces on vibrating bodies. He 
states: "Before concluding this section, it is worth while to return 
to a discussion of the reasons why boundary-layer theory is not directly 
* 
applicable, even at large values of the frequency parameter 3 , when it 
is desirable to calculate the forces acting on an oscillating body. If 
the boundary layer theory is used to calculate the flow field near to an 
* 
g is a form of Reynolds number 
T 
oscillating circular cylinder, the same surface skin friction is obtained 
as was calculated by Stokes; but the pressure distribution is assumed to 
be, and remains, that of inviscid theory. On the other hand. Stokes' 
work shows a small pressure variation due to the boundary layer; the con­
sequent modification of the surface pressure can be shown to give a con­
tribution to the damping force of the same order of magnitude as the con­
tribution from the skin friction. It is important to note, therefore, 
that for a bluff body which is oscillating at a high frequency with a 
small amplitude, the damping force, though small, is strongly dependent 
on the change of pressure due to viscosity. On the other hand, the vir­
tual mass is mainly given by inviscid considerations, and is not affected 
very much by the viscosity." 
The experimental results of the present investigation attest to the 
accuracy of the two preceding sentences. This matter will be discussed 
further in the results. 
Segel (38) also pointed out that direct use of boundary layer theory 
does not give a correct first approximation to the viscous forces. 
B. Experimental Investigations 
Du Buat (11) in 1786 published his Principles d'Hydraulique which 
contained an account of his experiments on the added mass phenomenon. 
This is evidently the earliest published reference to this subject. Du 
Buat conducted ItU experiments on spheres oscillating in water, 31 experi­
ments on other solids oscillating in water, and 3 experiments on spheres 
oscillating in air. His added mass coefficients for spheres ranged from 
0.45 to 0.67 in these experiments. The theoretical value for a sphere in 
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an infinite ideal fluid is 0.50. 
In 1826 Eessel (5) "rediscovered" the added mass effect in his 
pendulum experiments. Bessel was trying to determine the precise length 
of the seconds pendulum and found that it was necessary to correct for 
the inertia due to the air as well as for the buoyancy. Several European 
governments had been conducting pendulum experiments in various parts of 
the globe as a means of determining the true figure of the earth. The 
realization that a buoyancy correction was not sufficient created some 
concern. Bessel*s experiments on spheres yielded added mass coefficients 
ranging from 0.63 to O.96. 
Sabine (36) published his experimental results in 1829. These tests 
were conducted at the Royal Observatory in Greenwich and Sabine arrived at 
an added mass coefficient of 0.66 for spheres. 
Baily (2) performed experiments on platinum, lead, brass, and ivory 
spheres oscillating as simple pendulums in air and in a vacuum. Values 
of his experimentally determined added mass coefficient ranged from 0.7^ 
to 0.88. 
McEwen {2h) in 1911 attempted to use Stokes' solution for a sphere 
in an infinite real fluid as a means of measuring viscosity. He concluded 
that his fluid container was not large enough compared to his sphere size 
to simulate an infinite fluid. 
In 1920 Cook (10) studied the acceleration of a large spherical mine 
case as it was dropped into a large tank of water. He recorded time-dis­
placement data and thus determined velocities emd accelerations. He sub­
tracted an assumed drag force from the gravity force to obtain the inertia 
force and obtained an added mass coefficient of 0.46. 
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Krishnaiyar (20) reported in 1923 on his experiments with a sphere 
vibrating in kerosene. His experimentally, determined added mass coeffi­
cients were 0.584, 0.585, and O.58O as compared with coefficients from 
Stokes' theory of 0.530, 0.536, and 0.530, respectively. 
Lunnon (22) in 1928 dropped metal spheres in cylindrical and rectangu­
lar tanks whose axes were vertical. The added mass coefficient increased 
as his sphere diameter to tank diameter ratio increased. 
Iversen (18) in 1951 studied the forces acting on accelerating discs 
moving normal to their planes. He considered an equation of the type 
F = C I pY^ S 
in which F is the force, p is the density, V is velocity, S is the cross 
sectional area, and C is a coefficient which is a function of Reynolds 
number and a so-called correlating modulus. A very noticeable amount of 
scatter was evident in the experimental data. 
In 1952 Stelson (4l, k2) conducted exjieriments aimed at determining 
the added mass coefficients for spheres, cubes, cylinders, plates, and 
rectangular parallelepipeds. He oscillated the test bodies in a large 
tank of water. His experimental results were in good agreement with 
theoretical results for potential flow solutions. He included a very 
excellent bibliography on added mass studies. 
In 1956 Bugliarello (9) made studies on accelerating spheres similar 
to those of Iversen on accelerating discs. There was a sizeable amount 
of scatter in this data as was the case with Iversen. Odar (30) points 
out that the equation of the type considered by Iversen (18) and 
Bugliarello (9) has a very limited application. 
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Keulegan (19) in 1958 reported on a series of experiments in which 
cylinders and plates were held stationary in a large tank of water. He 
assumed that the force exerted by the water could be written as 
^ f • I * "I"! 
in which p is the fluid density, is a circular area, U is the velocity 
at points far removed from the object, D is the dimension of the body 
normal to the flow, is a drag coefficient, and is a form of mass 
coefficient. Standing waves surged back and forth ever the test bodies, 
and were plotted as functions of a dimensionless period parameter 
U T 
—T—. U is the maximum intensity of the sinusoidal current and T is the 
L) m 
period of the wave. The experimental data showed that C, and C were 
a m 
definitely functions of the period parameter. A range of values of 
U T 
-g— up to approximately 120 was covered in these tests. 
Sarpkaya (37) in I96O determined the added mass of lens-shaped 
bodies, square plates, and long rectangular plates. The test bodies were 
immersed in water and accelerated in oscillatory motion. 
In 1963 McConnell (23) conducted a series of experimental studies in 
which he oscillated a sphere inside a concentric sphere. The cavity 
between the two spheres was filled with a viscous fluid. He compared his 
experimentally determined added mass coefficients and damping coefficients 
with the respective theoretical coefficients of Stokes. Both the theo­
retical and experimental coefficients referred to above were plotted 
against the Reynolds (or Stokes) number. The amplitudes of oscillation 
were very small in these tests. < - -
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"Aclcermann (l) conducted an experimental investigation similar to that 
of McConnell (23). This work was reported in 196U. 
Odar (30) in 196h reported on a series of tests which consisted of 
oscillating a sphere in a large tank filled with oil. He proposed three 
basic terms for the expression for the resisting force of the fluid on the 
sphere. One of the terms was the viscous and form drag, one indicated the 
effect of added mass, and one was due to the history of motion. 
Other theoretical work in addition to that reported above has been 
done by Hicks (15), Imlay (17), Rayleigh (33), Valensi (^^), and Holtsmark 
(16), Other experimental work has been reported by Yu (5l). As was 
mentioned previously, Stelson (Ul) includes a very extensive historical 
bibliography of added mass studies. He includes studies on the landing of 
seaplanes, effect of added mass on the natural frequency of ships, and the 
effect of added mass on dams subject to earthquake accelerations. He also 
discusses an application of the deceleration of a body caused by increas­
ing added mass. A large concrete dam was constructed on one end of a 
pier and then toppled into place in a swiftly moving river. The potential 
energy of the falling dam was largely changed into kinetic energy of the 
water. 
This review of the lierature on added mass and related problems re­
vealed the need for a basic study of the added mass phenomenon, particular­
ly for the case in which viscous effects and boundary effects were 
important. As pointed out in the Introduction, there are many practical 
applications in which a rigid body is immersed and accelerated in a real 
liquid which is confined in a rigid container. The particular problem 
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under consideration was the study of the added mass and the damping of an 
oscillating rigid sphere in a cylindrical tube containing a viscous 
liquid. As far as the author could determine, no theoretical solution is 
available for this case. Experimental studies were conducted in this 
investigation to determine the effect of viscosity, of amplitude of 
oscillation, and of boundary proximity. 
This research project was designed to: 
1. Experimentally investigate the validity of the equation of 
Stokes for oscillation of a sphere in an infinite viscous 
fluid. 
2. Experimentally investigate the validity of the solution of 
Haberman for added mass of a sphere in an ideal fluid con­
tained in a cylinder. 
3. Determine the effect of amplitude of oscillation on the 
added mass coefficient and the damping coefficient. 
4. Develop prediction equations for the added mass coefficient 
and damping coefficient for a sphere oscillating in a 
cylindrical tube containing a viscous fluid. 
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III. THEORETICAL CONSIDERATIONS 
Various methods may be utilized to analyze the motion of bodies acted 
on by unbalanced force systems. The most useful method for any particular 
problem depends on the information known and the information to be ob­
tained for a solution. The three general methods...of solving fluid 
dynamics problems include the use of the 
1. differential equations of motion, 
2. energy principle, and 
3. impulse-momentum relationships. 
The most desirable method is probably the use of the basic differential 
equations of motion. Upon solution these equations, known as the Navier-
Stokes equations, yield a complete description of the flow field. However, 
these nonlinear partial differential equations are complex and exact solu­
tions can be obtained for only the most simple flow cases. A number of 
approximate techniques can be utilized however, which yield valuable 
results. 
The Navier-Stokes equations will be briefly discussed in this section. 
Next will come a discussion of the common approximations used in the solu­
tion of these equations. The added mass of a sphere in an infinite ideal 
fluid will be determined, followed by the potential problem of a sphere 
in a circular cylinder of infinite length. Stokes' solution for a sphere 
in an infinite real fluid will then be discussed, and application of 
dimensional analysis to the specific problem under investigation will 
conclude this part of the thesis. 
I k  
« 
A. The Navier-Stokes Equations 
The Kavier-Stokes equations for incompressible fluids are 
In Eq.s. 1, 2, and 3, X, Y, and Z are the components of the body forces per 
unit mass in the positive x, y, and z directions, respectively. The 
density of the fluid is p and the kinematic viscosity is v. The average 
pressure intensity at the point is P and 
p a2 ,2 .2 
( « )  
9x By 9z 
The velocity components in the positive x, y, and z directions are u, v, 
and w, respectively. Also in Eqs. 1, 2, and 3, 
3V 
In Eq. 5J is known as the "local" component of acceleration, where V 
is the vector velocity, and 
9V 3V 3V 
^3x'*"^ay/*9z" 
are known as the "convective" components of acceleration. The convective 
terms represent the change in particle velocity due to a change in posi­
tion, and the local term due to passage of time. 
Eqs. 1, 2, and 3 are derived by applying Newton's law of motion to a 
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differential cube of fluid. An assumption is then made that the stresses 
are linear functions of the velocity gradients. 
The derivation of the Efavier-Stokes equations can be found in many-
references such as Eskinazi (12), Lamb (21), Shames (39), Stokes (43), 
Streeter (UT), and Young (50). These Kavier-Stokes equations were first 
derived by Kavier (l822) and Poisson (l829) from a molecular model for 
gases. They were derived by utilizing Newton's law by Saint-Venant (18^3) 
and Stokes (18^5). 
The continuity equation for incompressible fluids is 
(«)  
The three Navier-Stokes equations and the continuity equation form 
four simultaneous differential equations from which the four unknowns u, 
V, w, and p can be obtained. However, due to the complexity and the non-
linearity of the equations, no general methods of solution are available. 
For a specific problem the solution also has to satisfy the boundary con­
ditions. Based on experimental observations, it is generally accepted 
that the relative velocity between a fluid and a solid boundary is zero 
when the fluid is in contact with the boundary. 
B. Approximate Solutions to the Navier-Stokes Equations 
There are two important classes of problems in which the Navier-
Stokes equations have been simplified ajid solved, although no general 
solution is available. The first of these classes is that in which ideal 
fluid behavior is assumed and the second is that in which the inertia 
forces are assumed to be negligible. These problems are discussed in 
many references such as Eskinazi (12),-Shames (39), Streeter (U7), and 
l6 
Young (50). A brief general summary of these two classes of problems 
follows. 
1. Irrotational flow of ideal fluids 
If the viscosity is assumed to be zero, the first of the Kavier-
Stokes equations, Eq. 1, becomes the x-component Euler equation 
If a velocity potential function, #(x,y,z), defined as 
(8) 
is substituted into the continuity equation there results 
^ ^  ^  = 0 (9a) 
8x 3y 3z 
or 
V^(|) = 0 (9b) 
However, from Eq. 8 
ana 32 
3y 3y3x 3x 3x3y 
It is therefore noted that 
= iZ. lli 3V iz. _ iisi 
9y 9x ' 3z 3x * 3z 3y 
(10) 
Eqs. 10 are the defining equations for irrotational flow. The equations 
of motion are identically satisfied. Therefore if the viscosity is 
neglected and the flow irrotational the solution to a flow problem will 
consist of a solution to the Laplace equation that satisfies the boundary 
conditions. Experience has shown that the irrotational flow assumption 
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gives reasonable results, in certain problems, at large Reynolds numbers 
and in regions of converging streamlines, 
2. Flow with very low velocity 
The convective acceleration terms of Eqs. 1, 2, and 3 may be neglect­
ed if it is assumed that the velocity components are very small. This is 
actually the same as assuming that the inertia forces are negligible as 
compared to the viscous forces. Stokes solved the problem of flow past 
a sphere at very low velocity by the above method and also by utilizing 
the fact that the local component of acceleration was zero. He derived 
the famous Stokes' law, which has been found to be valid for small Rey­
nolds numbers. Stokes' solution for an oscillating sphere in an infinite 
real fluid will be discussed later in this section. 
C. Motion of a Solid Sphere in an Infinite 
Mass of Ideal Liquid at Rest at Infinity 
The kinetic energy of a fluid in irrotational motion is given by 
T = - I /<(> dS (11) 
where dS is an element of surface area, <p is the velocity potential func­
tion, ) is the fluid density, and is the velocity of the liquid normal 
on 4 
to the boundary. The integral of Eq. 11 is evaluated over the boundary. 
The derivation of this equation for kinetic energy of a fluid can be 
found in a number of references such as Lamb (21), Milne-Thomson (28), or 
Streeter (k?). 
The kinetic energy of the infinite mass of fluid can be calculated 
from Eq. 11 if the velocity potential function can be determined. Lamb 
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(21) determined the potential for a sphere moving in the x-direction with 
a velocity U to be 
3 
<f> = cos6 (12 
2r 
In Eg. 12. a is the radius of the sphere and 0 is the angle from % to the 
radial direction, r. The conditions used to determine (j) were 
2 1. V ^ = 0 everywhere, 
2 .  u = v = w = O a t  i n f i n i t y ,  a n d  
3. at the surface of the sphere ( r  -  a . )  
As pointed out in the Introduction, the kinetic energy of the fluid in 
this case can be written as 
where M is the mass of the displaced fluid, and k is the added mass 
coefficient. Comparison of Eqs. 13 and l4 shows that k has av&ue of 
0.50 for this condition. Eq. 13 reveals that the kinetic energy of the 
fluid is equal to the kinetic energy of one-half the displaced mass of 
fluid if it were moving with the velocity U. 
D. The Potential Problem of a Sphere Inside a Circular Cylinder 
Haberman (l4) solved the potential problem of incompressible flow past 
When Eq. 12 is substituted into Eq. 11, the kinetic energy becomes 
Tg = ^ (§ p)U^ (13) 
Tg =  ^ kM (Ik) 
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a sphere placed at the center of an infinitely long circular cylinder. 
The boundary conditions for.this axisymmetric flow are that the normal 
velocity components vanish at the sphere and cylinder walls, and that the 
velocity at an infinite distance from the sphere is constant and parallel 
to the axis of the cylinder. Haberman utilized his results for the 
potential to evaluate the added mass of a sphere accelerating along the 
centerline of a cylindrical tube. On the cylinder walls, the normal 
derivative of the potential was zero, making Eg. 11 zero over this bound­
ing surface. Thus he concluded that integration of the expression for 
the kinetic energy had to be performed on the surface of the moving sphere 
only. 
In spherical coordinates, the differential equation for the potential 
for this axisymmetric case is 
= ^ 2 i; + ^ 2 it It^  ° (15) 
r r 
where t = cos0. 
With the assumption of a solution of the form $(r,t) = R(r) T(t), Cauchy's 
equation with the variable r and Legendre's equation with the variable t 
are obtained. The solution to Eq. 15 is therefore 
<*> 1) 
ij)(r,t) = Z P (t) [C r^ + , n = odd (l6) 
o  ^ r-^  ^
In Eq. l6, Pg^t) is the Legendre polynomial and and are constants. 
In cylindrical coordinates, Laplace's equation for this axisymmetric 
case is 
,2, . = 0 (IT) 
3x^ Bp ^ Pr ^^r 
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Haberman shows the solution of interest to be 
<j)(x,p^) = / [Ig(a'p^) GgOa') + Kg(a'Py) F^CaMJsin a' x da* 
o 
+ Ux (18) 
In EQ, 18, I and K are modified Bessel functions of zero order of the 
o o 
first kind and second kind, respectively, and x and are cylindrical 
coordinates. F^fa') and G^Ca') are arbitrarj' functions and a* is a dummy 
variable. Haberman transforms the solution in cylindrical coordinates 
and performs a termwise matching with the spherical coordinate solution. 
Two sets of linear algebraic equations are thus obtained for evaluation 
of the constants of the solution. 
Haberman rewrote Eq. l4 as 
1^2 
^ = (19) 
and utilized his solution for the potential in conjunction with Eqs. 11 
and 19. He obtained 
3D 
k = — 1 + - (20) 
Ua"^  
for the added mass coefficient. In Eq. 20, a is the radius of the sphere, 
U is the velocity of the sphere, and is the constant of the solution 
which is evaluated as outlined in the preceding discussion. When solved 
for in this manner, is the product of a numerical constant and the 
velocity U,and has a different value for each chosen value of the 
radius ratio parameter, a/b. It is thus possible to plot the theoretical 
curve of Fig. 1 showing the variation of k with the radius ratio. 
21 
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Fig. 1. Added mass coefficient vs. radius ratio 
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E, Motion of a Solid Sphere in an Infinite Mass of Viscous Liquid 
A theoretical solution for the force exerted by an infinite mass of 
viscous fluid on an accelerating sphere was developed by Stokes (UU, 1|6) 
in 1850. Stokes' solution will be briefly outlined in this section. 
Stokes was studying the motion of a simple pendulum composed of a 
sphere suspended by a fine wire, the length of which was much greater 
than the radius of the sphere. The assumptions he made to simplify the 
problem were: 
1. The amplitude of motion was very small and consequently the 
convective acceleration terms of Eqs. 1, 2, and 3, the Navier-
Stokes equations, could be neglected. 
2. The fluid was considered to be incompressible. 
3. The curved path traveled by the center of the sphere was to 
be considered a straight line. This seems reasonable for a 
long suspension wire and small amplitudes. 
Stokes assumed that the velocity of the center of the sphere was a 
periodic function of time and used his concept of the stream function 
for axisymmetric flow to obtain the solution. The boundary conditions 
were: 
1. The velocity of the fluid in contact with the sphere was 
the velocity of the point of contact. 
2. The velocity of the fluid at an infinite distance from the 
sphere was zero. 
The evaluation of the solution resulted in the expression for the 
force exerted by an infinite real fluid on an oscillating sphere. His 
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result was 
1 
2 
F = -[0.50 + _ 2.25 [ (—) + —] Mwô (21) 
é ""2 ^^ 2 
(ng) 
# ** 
In Eg. 21, M is the mass of displaced fluid, 6 and 6 are the velocity and 
acceleration of the sphere, respectively, w is the angular frequency of 
oscillation, and is the Reynolds number as discussed in the following- • 
section. Stokes stated: "The first term in the expression for the force 
F [Eq. 21] has the same effect as increasing the inertia of the sphere. 
To take account of this term, it will be sufficient to conceive a mass 
kM collected at the center of the sphere, adding to its inertia without 
adding to its weight. The main effect of the second term is to produce 
a diminution in the arc of oscillation." The effect of the real fluid 
therefore consists of two parts. The first of these is an added mass 
effect and the second is a damping effect. Figs. 2 and 3 show the variation 
of the added mass coefficient and fluid damping coefficient of Eq. 21 as 
functions of the Reynolds number. 
F. Dimensional Analysis 
The potential problem of a sphere in an infinitely long circular 
cylinder and the problem of a sphere in an infinite real fluid have been 
discussed in the preceding two sections. The viscous forces were neglect­
ed in the former and the convective acceleration terms were neglected in 
the latter. Furthermore, the amplitude of oscillation was assumed very 
small in the infinite real fluid. An experimental program was planned 
to answer several questions. Among these were: 
t 
t 
s 
8 
M 
W 
E 
1.6 
1.4 
1. 2  
1 .0  
0.8 
"S 0.6 
Tl 
0.4 
Stokes' solution, k = O.5OO + 
3.1815 
(Re): 
ro 
•tr 
0 . 2  
I I I I I I, I I I 
6 8 10% 2 3 4 5 6 8 icp 2 3 4 5 6 8 10^ 2 3 4 56 8 10^ 2 
Reynolds number - 03^ j-jJ 
Fig. 2. Added mass coefficient vs. Reynolds number 
0.01 
0.008 
0.006 
0.005 
Stokes' solution. C = 2.25 
s 
LLilL J I L JLL 
2 22 
+ ^ 
Re (Re)2 
1_L 
6 810% 2 3 4 5 6 8 lo3 2 3 4 56 8 10^ 
Reynolds number - ma^/iV 
2 3 4 5 6 8 lo5 
Fig. 3. Fluid damping coefficient vs. Reynolds number 
26 
1. Can the two solutions referred to above be verified? 
2. What is the effect of the amplitude of oscillation on 
the added mass and the fluid damping? 
3. What is the form for the prediction equations for the 
added mass coefficient and the fluid damping coefficient 
for the case in which no theoretical solution is available? 
Dimensional analysis provides an efficient method of controlling 
experimental programs. A phenomenon may be formulated as a relation 
between a set of dimensionless groups of the variables, the groups 
numbering less than the variables. These dimensionless groups are known 
as Pi terms. The Buckingham Pi Theorem, as given by Murphy (29), states 
that the number of dimensionless and independent quantities required to 
express a relationship among the variables in any phenomenon is equal to 
the number of quantities involved, minus the number of dimensions in which 
those quantities may be measured. Murphy gives the Pi Theorem in equation 
form as 
s = n - m 
where s is the number of Pi terms 
n is the total number of quantities involved 
m is the number of basic dimensions involved. 
The variables involved in the added mass phenomenon are 
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Variables Dimensions Units 
M' - added mass F T^/L lb-sec^/ft 
P - fluid density F T^/L^ 2, h lb-sec /ft 
V - kinematic viscosity if/T ft^/sec 
w - angular frequency 1/T rad/sec 
3. — sphere radius L ft 
b - cylinder radius L ft 
6 - single smplitude L ft 
d - fluid depth L ft 
h - sphere submergence L ft 
^i - roughness parameter - — 
F, L, and T stand for force, length, and time respectively, in the pre­
ceding table. The symbol d represents the total depth of fluid and h 
represents the distance from the fluid surface to the center of the sphere 
as illustrated in Fig. i;a. The roughness parameter, e^, will be consider­
ed to be a dimensionless parameter. It will be utilized as the parameter 
to characterize all roughness effects associated with the sphere, cylinder, 
and support rod. 
Since there are ten quantities involved and there are three basic 
dimensions, the Buckingham Pi Theorem indicates that seven dimensionless, 
independent quantities are required to express the relationship among the 
variables. One valid relationship is 
TTi = f^[7r2,Tr2,Trj^,Tr^,TTg,ir^] (22) 
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where 
and is an unknown function. 
The first Pi term, is the dependent term and is the added mass coeffi­
cient. The second term, ir^, is a form of Reynolds number and is a measure 
of the relative effect of the inertia forces to the viscous forces. This 
term is sometimes called a Stokes number. The third term, is the 
ratio of the sphere radius to the cylinder radius and is a measure of the 
wall effect. The measure of the sphere size to fluid depth is and 
is an indication of the sphere proximity to the free fluid surface or to 
the bottom of the container. The sixth term, ivg, is a measure of the 
relative amplitude of oscillation and it^ indicates the relative roughness. 
The same independent variables as those listed above are involved in 
a study of the damping coefficient (C^ - FT/L). A valid relationship for 
the fluid damping coefficient, C^, where 
C C 
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^^8 (23) 
where is an unknown function and Ug is the dependent term. 
Eg. 21, which is Stokes' solution for the force exerted by an infinite 
real fluid on an oscillating sphere, can be written 
F = -(n^)Mô - [Tr^]Mà)ô (24a) 
or 
F = _ M'6 - C'6 (24b) 
where M' is the added mass and is the damping coefficient for the sphere. 
It is noted, however, that the ir^ and iTg of Eg. 24a are not constants, but 
are functions of ir^, the Reynolds number. 
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IV. EXPERIMENTAL IrfVESTIGATION 
A. General Procedure 
The added mass coefficient, is related to the other six dimen-
sionless Pi terms "by Eq. 22. Eq. 23 consists of a similar functional 
relationship between Ug and the other Pi terms. Ths accomplishment of 
the experimental objectives required the completion of several series 
of tests. One series determined and ttq as functions of ir^ for fixed 
values of the other five independent Pi terms. Another series determined 
ir^ and iTg as functions of for a different value of but for the same 
values of and ir^ as the preceding series. This general pro­
cedure was continued until all experimental data were taken. 
B. Development of Experimental Procedure 
The accomplishment of the experimental objectives required that the 
experimental data be of high quality. The experimental procedure was 
basically the same as that of McConnell (23), but was refined in several 
ways. McConnell experimented only with a very small amplitude of oscilla­
tion, and with only a very short length of support rod immersed. It was 
necessary to construct an added mass container which would behave as an 
absolutely rigid body during the high-amplitude, high-frequency oscilla­
tions. It was also necessary to correct the added mass coefficient and 
fluid damping coefficient for the effect of the length of the support rod 
which was immersed in the fluid. A displacement measuring system had to 
be devised to enable the investigation of the effect of varying the ampli­
tude of oscillation to proceed. These refinements will be discussed sub­
sequently in more detail. 
A vibratory system as illustrated in Fig. 4a was utilized in the 
experimental program. The oscillating sphere was attached to a simply 
supported beam of spring constant K^. A loud speaker probe was the 
driving source with a harmonic motion of Y coswt. The loud speaker 
probe was attached to the top of the spring, and the bottom of the spring 
drove the beam and attached sphere. The first mode of vibration of a 
simply supported beam is the same as a weightless beam with approximately 
half the mass of the beam concentrated at the center. The sphere and 
driving spring were attached to the center of the beam. Therefore, all 
the mass of the vibrating system, other than the mass of the sphere and 
the added mass of the sphere and immersed rod, was combined in a term 
proportional to the mass of the beam and designated as k^M^. 
The spring, mass, and dashpot system of Fig. 4b is considered to be 
equivalent to the system of Fig, 4a. Newton's law of motion applied to a 
free body diagram of the system of Fig. 4b gives 
(k^M^ + + kM)ô + C^ô + + K^)ô = Y coswt (25) 
In Eq. 25, is the mass of the sphere, k is the added mass coefficient 
as before, M is the mass of the displaced fluid, is the added mass due 
to the rod which is immersed and is the total damping coefficient which 
is the sum of the damping coefficients for the beam, rod, and sphere. It 
is noted that the weights and buoyant forces do not enter Eq. 25. 
Fig. 5a shows the same beam as Fig. 4a. The sphere has been replaced 
by an equivalent mass, and Fig. 5b shows an equivalent spring, mass, 
and dashpot system. Newton's law applied to a free body diagram of the 
system of Fig, 5b gives 
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(M + k + C^ô + (K^ + Kg)6 = Y coswt (26) 
If the two systems of Figs. l;a and 5a are in resonance with the same 
natural frequency, and the frequency of the forcing functions are the 
same, and the two beams and their respective spring constants are the 
same, then 
M = M + kM + M 
es r 
The added mass coefficient, k, is therefore 
M - M - M 
k = ^ ^ (27) 
The damping coefficient was determined by recording damped vibration 
curves and evaluating the logarithmic decrement. The method of accomplish­
ing this was the same as that of McConnell (23). An additional procedure 
was utilized, however, to correct for the effect of the supporting rod 
which was immersed in the fluid. The method of determining the damping 
coefficient consisted of five steps, and will now be outlined. 
STEP 1. The system shown in Fig, h& was utilized. The driving fre­
quency w is varied until resonance occurs. The power to the loud speaker 
is cut off and a damped vibration trace is recorded on the Brush recorder. 
This step is then repeated and another damped trace recorded. The dif­
ferential equation of motion for this free vibration is Eq. 25 with Y set 
equal to zero. The damping coefficient is 
m 0) X 
Cl ' c; + Si + = 'rr' (28) 
1 nl 
from the theory of free vibrations with viscous damping. In Eq, 28, is 
the damping coefficient of the sphere, is the damping coefficient of 
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the beam for this step, and is the damping coefficient of the rod. The 
symbol m^ stands for the total mass, or 
m^ = + M_ + M_ + kM 
s r 
and is the damped frequency. and are amplitudes of the damped 
curve at the beginning and at the X^yth cycle, and n^ is the number of 
cycles over which the logarithmic decrement is measured. X^, X^^, and 
can be obtained from the damped vibration trace. 
STEP 2. The system shovn in Fig. 4a was again utilized. From Eq. 25 
the differential equation of motion is 
m^o + Cgô + Kgô = Kg Y cosUgt (29) 
where 
m^ = + Mg + + kM 
and 
%% = Kb + 
from Fig. itb. The forcing frequency is 
^ fl 
•^2 mg '^ 1 
and is the same as the resonant frequency of the previous step. This 
step could be considered as preceding step 1. 
STEP 3. The sphere of Fig. 4a is replaced by an equivalent mass of 
Fig. 5a. The equivalent mass is varied until the system is vibrating in 
resonance with of the previous step. Eq. 26 gives the differential 
equation of motion as 
m^6 + C^ô + K^ô = Kg Y cosw^t (30) 
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where 
*3 = "e + S'S • 
STEP it. The setup is the same as the previous step. As the system is 
vibrating at resonance, the power to the loud speaker is cut off. Two 
damped traces are recorded on the Brush recorder. From Eq. 26, with Y 
set equal to zero 
+ C^ô + K^ô = 0 (31) 
where 
= Me + ""A 
The damping coefficient, is 
^ = Si. - (32) 
where is the damped frequency, is the damping coefficient of the 
beam, is the damping coefficient of the added mass container and 
and are the same as X^ and X^^ of Eq. 28, respectively. 
STEP 5. The setup of Fig. Ua is utilized with a mass my = m^ + m^. 
The system is vibrated at resonance at a frequency The differential 
equation of motion from Eq. 26 is 
m 6 + C 6 + K Ô = K Y cosw t (33) 
5 P 5 s ) 
Since 
and 
2 1^* 
= K? ' *2 = *4 
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2 
"^ 1; = 2 2^ (3k) 
Wg 
wlaen Eqs. 28 and 32 are combined, one obtains 
:s = Ci - + c^i, - c^i + c^u - "r 
or 
c« = c, - C, - C (35) 
s 1 4 r 
if C , = C^-, and C , is neglected when compared to the other terms. There­
by bl m4 
fore, 
m^w^ m, w, X, 
= <s¥) (36) 
1 nj. 4 n4 
Since 
and 
1^ " ^1+ » "l ^  % 
"8 = C; = gC . 
9 
then 
1 m w_ T X^ ^ X, C 
'8 = '=s=7—'-2—2'fH-'°x--^'"xTl -fc <3T) 
Wg -co^ 1 nl 4 n4 
by combining Eqs. SU and 36 and utilizing the definition of ttq. 
Eq. 37 expresses the fluid damping coefficient,ng, in terms 
of the experimentally determined quantities, involved and the 
damping coefficient of the rod. It was necessary, therefore, to 
obtain information on the damping coefficient of the rod. This 
was done by conducting a series of tests with steps analogous to 
the five step procedure described above. The sphere support 
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rod was immersed in the fluid in step 1 with the sphere removed. The four 
other steps were carried out similar to steps 2, 3, h, and 5, above. A 
curve was drawn which consisted of per inch of rod iinmersed, plotted 
against the Reynolds number, ir^. The same correction curve was found to 
be valid for all values of snd ir^ tested. The magnitude of this 
correction to iTg varied from approximately 0.014 per inch of rod immersed 
at a Reynolds number of 100 to approximately 0.0003 per inch of rod 
immersed at a Reynolds number of 100,000. The magnitude of this correction 
averaged approximately 10% of the uncorrected ttq. The added mass due to 
the rod which was immersed was also determined from this series of tests. 
A correction curve consisting of rod added mass per inch of rod immersed 
plotted against Reynolds number was utilized in Eq. 27. The magnitude of 
the rod added mass correction varied from approximately 0.50 grams per 
inch of rod immersed at a Reynolds number of 100 to zero correction at 
Reynolds numbers above 20,000. 
For each test run consisting of the five steps described previously, 
the amplitude of vibration was measured and was the same at the beginning 
of each of the five steps. 
Egs. 25 and 26 are of the form 
m^6 + C^6 + k^6 = F^ coswt (38) 
A particular steady state solution of Eq. 38 is 
6 = A cos(ut-a) (39a) 
where 
F. 
A = ^ — (39b) 
[(k^-m^o)^) + (C^w)2]2 
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and 
a = tan (39c) 
k.-m.w 1 X 
2 
The resultant forced vibration will therefore be harmonic and will have a 
frequency equal to that of the harmonic force of Eq. 38. The a of Eq. 
39a is the phase angle between the motion 6 and the driving motion, coswt. 
When the system is vibrating at resonance, w is the natural frequency, and 
a is 90 degrees. At resonance, therefore, there is a 90 degree phase 
shift between the forcing function, coswt, of Eq. 38, and the displace­
ment function, 5 = A cos(wt-a), of Eq. 39a. This fact was utilized to 
determine when the driving frequency was the same as the natural, or 
resonant, frequency. 
The phase angle was measured by utilizing Lissajous figures, A pick­
up which measured the displacement of the speaker probe, Y coswt, of Eqs. 
25 and 26 was connected to the horizontal input of an oscilloscope. 
Another pickup which measured the displacement of the beam or sphere, 6 of 
Eqs. 25 and 26 was connected to the vertical input of the oscilloscope. 
Eq. 39a could be written 
when a = 90 degrees. Since y = Y coswt is the motion of the loud speaker 
probe, it follows that 
Thus Eq. 4l indicates that an ellipse will appear on the oscilloscope when 
the phase angle is 90 degrees. It is necessary that there be no relative 
phase shift between the two displacement measuring instruments and the 
Ô = A sinwt (40) 
6 V 2 2 
— + = sin wt + cos wt = 1 
A Y 
(41) 
1+0 
presentation of their signals on the scope for this technique to give 
accurate results. 
C. Description of Test Equipment 
Fig. 6 is a schematic diagram of the instrumentation equipment. The 
speaker probe, which moves up and down with a sinusoidal displacement, is 
driven by the Hewlett-Packard (H-P) low frequency oscillator. The 
speaker probe is glued to the voice coil of the 12 inch permanent magnet 
type speaker. The beam is driven by the drive spring which is attached 
to the speaker probe. Pickup number 1 consists of two SR-U electric wire 
resistance strain gages glued to a small steel cantilever beam. This 
pickup measures the displacement of the speaker probe, which is the y of 
Figs. 4 and $. Pickup number 2 measures the displacement of the beam, 
which is the displacement ô of Figs, U and Two SR-4 strain gages also 
make up this pickup. The displacement signal from pickup number 1 is 
connected to the horizontal input of the oscilloscope after being ampli­
fied by the BL-520 Brush universal amplifier. The displacement signal 
from pickup number 2 is connected to the vertical input of the oscilloscope 
after being amplified by the other BL-520 Brush universal amplifier. A 
Brush oscillograph recorder is connected to the latter universal amplifier. 
This recorder, is used to record the damped oscillations of the beam and 
attached sphere or equivalent mass. 
Fig. 7 is a photograph of the test apparatus. The supporting frame, 
built of 2 in. by 6 in. lumber, is anchored to brick walls and the concrete 
floor. The speaker is rigidly attached to the top horizontal member of the 
supporting frame. Pickup number 1 of Fig. 6, which measures the 
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displacement of the speaker probe, is hidden from view in Fig, 7. The 
view of this pickup is obscured by the wood blocks which are between the 
top horizontal member of the supporting frame and the speaker. Pickup 
number 2, consisting of SR-U strain gages glued to the beam, is visible 
in Fig. 7. These strain gages are adjacent to the traveling microscope 
in Fig. 7. 
The test beams were utilized as springs of variable stiffness. It 
was desired to use simple supports for these beams, and the elastic end 
supports shown in Fig. 7 worked extremely well. These elastic supports 
consisted of thin vertical steel straps 0.023 in. by 0.750 in. and approxi­
mately 2 in. long. The bottom ends of these straps were rigidly attached 
to the ends of the vibrating beam. These straps were very stiff as far 
as deflection in a vertical direction was concerned, but were very flex­
ible as regards deflection in the direction of the longitudinal axis of 
the beam. Consistent results were achieved with these end supports in 
repeated tests. This type of end support was developed by McConnell (23). 
A small mirror, labeled in Fig. 7, was utilized in conjunction with 
the light and traveling microscope to measure the amplitude of oscilla­
tion. When in use, the traveling microscope was pivoted around so as to 
focus on the mirror, and the light was adjusted so as to shine on the 
mirror. The mirror was completely covered with black vinyl plastic 
electrical tape except for a 0.010 in. horizontal slit. As the mirror 
moved up and down with the vibrating sphere, it was possible to focus on 
the visible part of the mirror at the upper and lower extremes of the 
displacement. Thus the double amplitude of vibration was obtained from 
h3 
the traveling microscope readings upon proper correction for the 0.010 in. 
horizontal opening. 
The Plexiglas test cylinder rested on a wooden box which was bolted 
to the main supporting frame as shown in Fig. 7. 
Fig. 8a is a photograph of the electronic equipment which is shown 
schematically in Fig. 6. 
Fig. 8b shows the three cylinders which were tested. The large 
cylinder was a 17.0 in. inside diameter Plexiglas cylinder with ^  in. wall 
thickness. A piece of shellac coated Masonite was used as the bottom of 
this cylinder and the joint between the Plexiglas and Masonite was sealed 
with Permatex compound. It was believed that this cylinder was large 
enough relative to the sphere to simulate a sphere in an infinite fluid. 
The two smaller cylinders of Fig. 8b, 2.5 in. and 3.5 in. nominal 
inside diameter, were of Plexiglas with ^  in. wall thickness. The bottom 
ends of these two cylinders consisted of pieces of ^  in. thick Plexiglas 
plate. The test sphere shown in Fig. 8b was a lathe turned synthetic 
resin pool cue imported from Belgium. It was threaded onto a 0.191 in. 
diameter brass rod which was attached to the bottom of the test beam 
during the experiments. 
The equivalent mass shown in Fig. 5a consisted of an end cap from a 
water pipe plus enough lead shot to give the proper weight. A 0.191 in. 
diameter brass rod ran down through the cylindrical end cap and was 
attached to the bottom of the end cap. This equivalent mass behaved as 
a rigid body, since a wooden spool was screwed down on top of the lead shot 
to prevent the shot from bouncing during the high frequency and high 
Fig. 8a. Photograph of electronic equipment 
Fig. 8b. Photograph of test cylinders and test sphere 
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amplitude vibrations. 
The experimental fluids which were utilized are listed in Table 1. 
Table 1. Experimental fluids 
Fluid Composition Specific 
gravity 
Kinematic 
viscosity 
at 25° C, 
ft^/sec 
1 distilled water 1.000 0.00000966 
2 
kO% SAE 10 oil 
60% kerosene 0.826 0.0000494 
3 
95% SAE 10 oil 
5% kerosene 
0.880 0.000472 
k 
30% SAE 70 oil 
30% SAE 10 oil 0.886 0.00328 
5 
73% SAE 30 oil 
23% kerosene 0.867 0.000424 
6 SAE 30 oil 0.883 0.00295 
The kinematic viscosities of fluids 2 through 6 were measured with a 
Saybolt Universal viscometer and standard values were used for the vis­
cosity of the distilled water. Graphs of viscosity versus temperature 
were utilized for all experiments. The sample viscosities of Table 1 are 
listed only to indicate the range of viscosities of the several test 
fluids. 
Three test beams were used. All beams were of aluminum alloy, with 
a width of 1 in. and a depth of ^  in. The lengths of the three beams 
were 42, 27'^, and 20^ in. These beams were identified as beams 2, 6, and 
7, respectively. 
h9 
D. Test Procedure 
test procedure consisted of the following steps. 
The equipment was assembled and the sphere was centered 
and aligned in the cylinder. 
The fluid temperature was recorded. 
The oscillator was adjusted until the system was vibrating 
at resonance. The Brush amplifiers were balanced, and the 
driving frequency was slowly varied until a circle or 
ellipse appeared on the scope. 
The oscillator amplitude setting was adjusted until the 
desired amplitude of vibration was obtained. The Brush 
amplifiers were checked for balance, and two damped 
oscillograph traces were recorded. The natural frequencies 
and amplitude of vibration were recorded. 
The test sphere and support rod were removed from the beam. 
The added mass container was attached to the beam and the 
proper amount of lead shot was added to give the same natural 
frequency as step 3 above. The Brush amplifiers were balanced 
and the amplitude setting of the oscillator was varied to give 
the desired amplitude of vibration. 
Two damped oscillograph traces were recorded. 
The mass, m^, of Eq. 3^ was added to the bottom of the added 
mass container. The driving frequency was adjusted until 
resonance occurred. The Brush amplifiers were balanced, 
and the desired amplitude of vibration was obtained by 
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adjusting the amplitude setting of the oscillator. A 
damped trace was recorded on the oscillograph. 
9. The equivalent mass was removed from the beam and 
weighed. 
10. The previous steps were repeated at a different amplitude 
of vibration, or the beam and/or fluid was changed in 
order to vary the Reynolds number, 
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V. RESULTS 
This section is divided into two parts. The first part is a dis­
cussion of the general experimental results and the second part is an 
analysis of these results. 
A. General Experimental Results 
The added mass coefficient, is related to the other six dimension-
less Pi terms by Eq. 22, and the fluid damping coefficient, TTQ, is related 
by Eq. 23 to the other Pi terms. Stokes work indicated that the 
Reynolds number, would be a very influential parameter. Similarly, 
Haberman's results indicated that the ratio of sphere radius to 
cylinder radius, would be an important parameter. The effect of the 
relative amplitude of oscillation, was unknown. The same statement can 
be made as to the effect of TT^, which is an indication of the sphere 
proximity to the free fluid surface or to the bottom of the container. 
It was desired to eliminate this effect, i.e., to run the tests in such 
a manner that the cylinder could be treated as if it were of infinite 
length. The ratio of sphere radius to fluid depth was kept at a 
value where it was not an influencing factor in the results. In other 
words, increasing the fluid depth while keeping the other Pi terms con­
stant had no influence on the results. The roughness parameter, ir^, was 
considered to be a constant in all tests. 
Fig. 9 is a plot of the added mass coefficient, k or versus the 
sphere submergence parameter, ^  or ir^. The relative amplitude parameter, 
Y or TTg, was held at a constant value of 22.5 for this series of tests. 
This corresponds to single amplitude of oscillation of 0.050 in. These 
1 . 1  -
~o—O- o 
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Fluid number 1 
a/b = 0.64-9 
a/s - 22o5 
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Fig. 9. Added mass coefficient vs. sphere submergence parameter 
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- data were all taken with the 3.5 in. nominal diameter cylinder with dis­
tilled water as the test fluid. The fluid depth parameter, ^  or was 
kept at a constant value since the fluid depth was constant. As mentioned 
previously, ir^, the roughness parameter was considered to be constant in 
all tests. Inspection of Fig. 9 reveals that the added mass coefficient 
decreases significantly as the sphere is oscillated near the free surface. 
It is also noted that the added mass coefficient shows a sligbb increase 
as the sphere is oscillated in close proximity to the solid bottom of 
the cylindrical container. However, the added mass coefficient only 
increases from a value of 0.966 when the top of the sphere is 1 in. below 
the free surface = 7.53) to a value of O.985 when the bottom of the 
sphere is 1^ in. above the bottom of the container = I.I9). Thus it is 
seen that the added mass coefficient is essentially independent of ^  as 
long as the sphere is positioned in the approximate range 1.5 < ^ < 7. 
Fig. 9 consists of a plot of versus for constant values of 
TTj^, T7g, and as discussed in the preceding paragraph. The Reynolds 
number parameter, ir^, varied slightly in these tests. Inspection of the 
data in Table 2 of the Appendix reveals a range of variation in from 
72,000 to 78,500. It was considered desirable to determine if this 
Reynolds number variation would have an effect on ir^, the added mass 
coefficient. The data were therefore taken which enabled the plot of 
Fig. 10 to be constructed. Fig. 10 consists of plots of the added mass 
coefficient versus the Reynolds number for three different values of the 
sphere submergence parameter, The parameters, ir^, and were 
held at the same respective constant values for the data plotted on Fig. 
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10 as for the data of Fig. 9. The variations of Reynolds number from 
approximately 40,000 to approximately 80,000 to approximately 120,000 
were secured by utilizing three different beams. Since the beams were 
of different stiffness, they caused the systen to vibrate at a different 
natural frequency, thus changing w which changed the Reynolds number. 
A Reynolds number change of %0,000 to 120,000 produced practically no 
change in the added mass coefficient, as attested to by the horizontal 
lines of Fig. 10. Thus it was concluded that the small Reynolds number 
variation of the data of Fig. 9 was of little consequence as far as the 
magnitude of the added mass coefficient is concerned. 
Analysis of Figs. 9 and 10 has established that the added mass 
coefficient is not strongly dependent on the sphere submergence parameter, 
as long as the sphere is positioned away from the free surface and 
away from the bottom of the container. Therefore, the data for the re­
mainder of the experiments were taken with the fluid at a depth of l6.0 
in. in the two small cylinders, and at a depth of 20.0 in. in the large 
cylinder. These fluid depths were sufficiently large, and the sphere 
was far enough from the free surface and from the bottom, to justify the 
assumption that or and ir^ or were not influential factors in the 
further tests. Under these conditions the relationship for ir^ can be 
written as 
7^1 = (^'2) 
Figs. 11 and 12 are plots of the fluid damping coefficient, TTQ or C^, 
versus the sphere submergence parameter, and versus the Reynolds number, 
respectively. Fig. 11 is analogous to Fig. 9 and Fig. 12 is analogous to 
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Fig. 10. Inspection of Fig. 11 shows that the fluid damping coefficient 
is essentially independent of the sphere submergence parameter except 
when the sphere is in very close proximity to the bottom of the cylindrical 
container. The fluid damping coefficient takes an abrupt rise as ^ 
decreases toward a value of 1, which corresponds to sphere positions 
close to the bottom of the container. The Pi terms, ïï^, ir^, and 
were held constant during the experiments which are plotted as Fig. 11, 
but as was the case in Fig. 9, the Reynolds number varied from 72,000 to 
78,500. 
Fig. 12 was plotted to investigate the variation of fluid damping 
coefficient with Reynolds number, and Fig. 12 covers a Reynolds number 
range of from approximately 40,000 to approximately 120,000. It is noted 
that this variation of Reynolds number definitely has an effect on the 
fluid damping coefficient. The dashed curve of Fig. 11 was plotted by-
reading three values from Fig. 12 at a fixed Reynolds number of 75,000. 
The dashed constant Reynolds number curve of Fig, 11 indicates that the 
fluid damping coefficient, TTQ or C^, is almost independent of ^ as long 
as the sphere is positioned away from the free surface and away from the 
bottom of the container. 
By a reasoning process analogous to that preceding Eq. U2, it appears 
that Eg. 23 can now be thought of as 
^8 = (43) 
In other words, the remaining data will be taken with the fluid sufficient­
ly deep, and with the sphere sufficiently far removed from the free surface 
and from the container bottom to enable one to conclude that % and ^  will 
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not have to be considered in the remaining analyses. 
Eq. h2 indicates that the added mass coefficient is a function of the 
Reynolds number, the radius ratio parameter, and the amplitude parameter. 
Fig. 13 was plotted to investigate the effect of the amplitude parameter 
y on the added mass coefficient. The lover curve of Fig. 13 corresponds 
to a radius ratio of 0.133. These data were taken with the sphere in the 
large 17.0 in. diameter cylinder. The Reynolds number remained at a con­
stant value of 39,000 for seven of these eight points. The Reynolds num­
ber for the eighth point was 37>300, The middle curve of Fig. 13 corres­
ponds to a radius ratio of 0.6k9, which applies when the 3.50 in. inside 
diameter cylinder is utilized. The Reynolds number varied from 39,100 to 
40,900 while these seven data points were being secured. The top curve 
of Fig. 13 applies to data taken with the small 2.5 in. inside diameter 
cylinder. This corresponds to a radius ratio of 0.910. The Reynolds 
number varied from 32,800 to 33,200 for these tests. 
It appears from an examination of Fig, 13 that the added mass coeffi­
cient is not a function of the amplitude parameter for the range of ampli­
tudes tested. A value of the amplitude parameter y of 2.25 corresponds to 
a single amplitude 6 of 0.50 in. while a value of y of 90 corresponds to a 
single amplitude of 0.012 in. In other words, since each of the three 
curves of Fig, 13 is horizontal, and since each of them corresponds to 
experiments with ^  held constant and with the Reynolds number practically 
constant as discussed above, it is concluded that Eq_i k2 can be written 
^1 ^  ^ 5[*2'^3] 
Thus it will be assumed that for the range of amplitudes tested, that is. 
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for amplitudes up to a value of 6 = 0,50 in., the added mass coefficient is 
not dependent on the amplitude parameter. 
Fig. 1^ was plotted to study the effect of the amplitude parameter 
on the fluid damping coefficient. Since each of the three curves of Fig. 
1^ is horizontal, and corresponds to experiments with ^  held constant and 
with the Reynolds number practically constant, it is concluded that Eq. 43 
can be written 
It is thus assumed that for the range of amplitudes tested the fluid damp­
ing coefficient is not dependent on the amplitude parameter. 
All the experimental data are tabulated in the Appendix, Inspection 
of these data at other values of the Reynolds number parameter reveals 
that the same conclusions would be drawn as those in the preceding two 
paragraphs, namely, that for the range of amplitudes tested, the added 
mass and fluid damping coefficients are independent of the amplitude 
parameter. These conclusions are valid for a range of Reynolds numbers 
from 100 to 120,000, for a range of amplitude parameters from 2,25 to 90, 
and for a range of radius ratios from 0,133 to 0,910, 
Fig, 15 consists of a plot of the added mass coefficient versus the 
Reynolds number for each of the three cylinders tested. Each cylinder 
corresponds to a different value of the ^  ratio. Different symbols are 
used for each of the three beams utilized and the beams are identified in 
the Experimwital Investigation section. The Reynolds number was varied 
from approximately 100 to 120,000 by using different beam and fluid com­
binations. The solid line designated as curve A of Fig. 15 is Stokes* 
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theoretical solution for the added mass coefficient for a sphere in an 
infinite" real fluid. From Eq. 21 the equation of this line is seen to be 
k = = [0.50 + 3-1815] (46) 
(Re)^ 
The coordinates of this line are tabulated in Table 6 of the Appendix, It 
is observed that the experimental data for the large cylinder, which 
simulates a sphere in an infinite fluid, correlate extremely well with 
Stokes' theoretical solution, which is the solid line designated as curve 
A. Curves B and C are drawn through the experimental data which were 
secured from the tests at radius ratios of 0»6k9 and 0.910. These ratios 
correspond to the 3.50 in. and 2.50 in. inside diameter cylinders, 
respectively. As noted previously, no theoretical solution is available 
for larger radius ratios for the viscous case. 
Each experimental symbol plotted on Fig. 15 represents the average 
added mass coefficient for the various amplitudes tested at that particu­
lar beam-fluid-cylinder combination. 
Fig. 15 illustrates strong dependence of the added mass coeffi­
cient on the radius ratio parameter. At a constant Reynolds number of 
100,000, the added mass coefficient increases from a value of approximately 
0.52 to a value of approximately 3.4 as the radius ratio ^  increases from 
0.133 to 0.910. On the other hand, at a constant radius ratio of 0.133, 
the added mass coefficient only increases from approximately 0.52 to 
approximately O.78 as the Reynolds number decreases from 100,000 to 125. 
Fig, 16 is a plot of the fluid damping coefficient versus the Reynolds 
number which is analogous to the added mass coefficient-Reynolds number 
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plot of Fig. 15. The three curves again represent tests run in the three 
test cylinders. The solid line, designated as curve A of Fig. l6, is 
Stokes' theoretical solution for the fluid damping coefficient for a 
sphere in an infinite real fluid. From Eq. 21 the equation of this line 
is seen to be 
1 
2 2 ^ 
'8 = Cs = + W 1 (tT) 
The coordinates of this line are also tabulated in Table 6 of the Appendix. 
The experimental data for the large cylinder, which simulates a sphere in 
an infinite fluid, correlate very veil with Stokes' theoretical solution. 
Curves B and C are drawn through the experimental data secured from the 
tests with the two smaller cylinders. Each experimental symbol of Fig. l6 
represents the average fluid damping coefficient for the various amplitudes 
tested at that particular beam-fluid-cylinder combination. 
From an examination of Fig. l6 it is concluded that the fluid damping 
coefficient is strongly dependent upon both the Reynolds number and the 
radius ratio, At a constant Reynolds number of 100,000 the fluid damp­
ing coefficient increases from a value of approximately 0.01 to a value of 
approximately 0.l6 as the radius ratio increases from 0.133 to 0.910. An 
increase in the fluid damping coefficient from approximately 0.01 to 
approximately 0.32 occurs while the Reynolds number decreases from 100,000 
to 125 at a constant radius ratio of 0.133. 
3. Analysis of Results 
The development of the prediction equations from the experimental data 
will now be discussed. The added mass coefficient will be considered first. 
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then the fluid damping coefficient. Stokes' theoretical equation for the 
variation of added mass coefficient with Reynolds number for a sphere in 
an infinite real fluid is 
k = [0.50 + (46) 
(Re)^ 
Haberman's theoretical solution for the variation of added mass coefficient 
with radius ratio for a sphere in a cylindrical tube containing an ideal 
fluid is plotted as Fig. 1, An approximate equation for the curve of 
Fig. 1 is 
k = 1.500 ^ _ 1.000 (48) 
1-0.7968(|) 
The method of developing the prediction equation for the added mass 
coefficient was as follows; 
1. The equations of curves A, B, and C of Fig. 15 were determined 
from the experimental data. These equations were, respectively, 
k = 0.500 + 3-1815 (46) 
(Re)^ 
k = 0.960 + (49) 
(Re)^ 
k = 3.36 + 12.490 (50) 
(Re)^ 
In Eqs. 46, 49, and 50, ^  was 0.133, 0.649 and 0.910 respectively. 
These equations were all of the form 
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Cp 
k = ^ (51) 
(Re)2 
and the problem vas one of determining and as functions 
I-
From an inspection of the experimental data, it appeared that 
a reasonable form for would be 
Cg = 3.18 + C^(g.) (52) 
and and m were solved for so that would equal 3.18, 
4.68, and 12.4$ as ^  was equal to 0.133, 0.64$, and 0.910, 
respectively. and m were determined to be 15.5 and 5.^0, 
respectively. 
From consideration of the form of Eq. 48, was assumed to be 
Ci =. 1.000 (53) 
and and n were determined so that would equal 0.500, 
0.960, and 3.36 when ^  was equal to 0.133, 0.649, and 0.910, 
respectively. Combination of these results gave 
5.40 
k = [ ^•^°°3.O4 - 1.000 + 3-18+15.5(t) ^ (2k) 
l-0.876(f) • 
which is the prediction equation for the added mass coefficient. 
Examination of Eq. 54 reveals the following facts: 
1. When ^  is zero, which corresponds to the case 
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with a sphere in an infinite fluid, Eq. $4 
reduces to Eq. k6.  
2. When the Reynolds number is very large, the last 
term of Eq. $4 will become small, and Eq. $4 will 
be similar to the approximate equation for Fig. 1, 
Eq. 48. This corresponds to the case where the 
viscous forces have little effect. 
Eq. 54 correlated the experimental data in a satisfactory manner as 
_a 
b illustrated in Fig. 17. The curve of Fig. 17 is Eq. $4 with ^  set equal 
to 0.649, and the experimental data points obtained when ^  = 0.649 are 
plotted for com.parison. 
Attention will now be directed to the development of the prediction 
equation for the fluid damping coefficient. 
1. The equations of curves A, B, and C of Fig. l6 were determined. 
These equations were, respectively, 
<=3 = ^ (47) 
(Re)2 
C; = (55) 
(Re)2 
(Re)2 
In Eqs. 47, 55, and 56, ^  was 0.133, 0.649, and 0.910, respectively. 
These equations are all of the form 
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= â: + ï (57) 
(Re)2 
so it is desired to express and as functions of the 
radius ratio, 
2. It appeared reasonable to assume to be 
k 
= 2t.50 + C^(^) (58) 
and and k were solved for so that would equal k.30, 
22.0, and 1485 as ^  was equal to 0.133, 0.649, and 0.910, 
respectively. and k were determined to be 5150 and 13.14, 
respectively. 
3. Cg was assumed to be 
Z 
Cg = 3.18 + Cg(|) (59) 
and Cg and Z were solved for so that Cg would equal 3.18, 
6.U0, and 46.5 as ^ was equal to 0.133, 0.649, and 0.910, 
respectively. Cg and I were determined to be 89.8 and 7.70, 
respectively. 
The prediction equation for the fluid damping coefficient results from 
substitution of Eqs. 58 and 59 into Eq. 57. The resulting prediction equa­
tion is 
C - [Wo , 3.18^ , 5150(a/b)13'l^ , 89.8(a/b)7'7°] 
(Re)2 (Re)2 
Examination of Eq. 60 reveals the following: 
1. When a/b = o, which corresponds to the case of a sphere in 
an infinite fluid. Eg. 60 reduces to Eq. 4%. 
2. As the Reynolds number gets very large approaches zero. 
Fig. l8 consists of a plot of the fluid damping coefficient versus the 
Reynolds number. The curve of Fig. 18 is Eq. 60 with a/b set equal to 
0,6^9, and the experimental data points obtained when a/b = 0.6^9 are 
plotted for comparison with Eq. 60. Eq. 60 also correlated the experiment­
al data at a/b = 0.133 and 0.910 in a satisfactory manner. 
Fig. 19 consists of plots of the added mass coefficient versus the 
radius ratio at different values of the Reynolds number. These curves were 
plotted from Eq. 5^. Kaberman's potential solution is also included on 
Fig. 19. It is noted that Eq. 5^, which correlates the experimental data, 
agrees quite well with the potential solution when a constant Reynolds 
number of 100,000 is utilized. Thus one can conclude that the potential 
solution of Haberman is satisfactory for laige Reynolds numbers. 
Examination of Fig. 19 points out that the added mass coefficient is 
much more dependent upon the radius ratio than upon the Reynolds number. 
For a sphere in an infinite fluid the added mass coefficient increases 
from 0.51 to 0.82 as the Reynolds number decreases from 100,000 to 100. 
As the radius ratio increases from 0 to 0.90, with the Reynolds number 
constant at 100,000, the added mass coefficient increases from 0.51 to 
3.15. Thus the added mass coefficient increases by 6l.6^ as the Reynolds 
number decreases at constant radius ratio. The corresponding increase as 
the radius ratio changes at constant Reynolds number as noted above is 
518%. This seems to bear out the quote from Rosenhead (35) in the Review 
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of Literature. Rosenhead states that the added mass is mainly given "by 
inviscid considerations, and is not affected so much by the viscosity. 
This does not imply that inviscid theory can be used to determine added 
mass coefficients for all Reynolds numbers, however. 
It is also noted from Fig. 19 that the potential solution is slightly 
closer to the experimental results for the smaller cylinders than for a 
sphere in an infinite fluid. For an infinite fluid at a Reynolds number 
of 100, the added mass coefficient is 64% above the potential solution, 
while for radius ratio of 0.90 and at a Reynolds number of 100, the added 
mass coefficient is $4% above the potential solution. 
Fig, 20 consists of plots of the added mass coefficient versus the 
Reynolds number at the different values of the radius ratio. These curves 
were plotted from Eq. 5^, as were the curves of Fig. 19. Either Fig. 19 
or Fig. 20 can be used to predict the added mass coefficient at specific 
values of the radius ratio and Reynolds number as long as the radius ratio 
and Reynolds number are within the range of values experimentally tested. 
In other words. Eg. 5^ is valid for Reynolds numbers between 100 and 
120,000 and for radius ratios from 0.133 to 0.91. 
Fig. 21 consists of plots of the fluid damping coefficient versus the 
radius ratio at different values of the Reynolds number. These curves were 
plotted from Eg. 6o. 
Examination of Fig. 21 reveals that the fluid damping coefficient is 
strongly dependent upon the Reynolds number, and also upon the radius ratio 
when the radius ratio is above approximately 0.4. The fluid damping 
coefficient is relatively independent of radius ratio as long as the 
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radius ratio is below 0.4. For a sphere in an infinite fluid (a/b = o), 
the fluid damping coefficient increases from 0.01 to 0.36 as the Reynolds 
number decreases from 100,000 to 100. As the radius ratio increases from 
0 to 0.90 with the Reynolds number constant at 100,000, the fluid damping 
coefficient increases from 0.01 to 0.15. This compares with an increase 
from 0.010 to only 0.011 as the radius ratio increases from 0 to 0.50 
while the Reynolds number is constant at 100,000. Rosenhead (35) in the 
quote in the Review of Literature indicates that the damping force is more 
dependent upon viscosity, or upon Reynolds number, than is the added mass. 
Comparison of Figs. 19 and 21 bears this out. 
Fig. 22 consists of plots of the fluid damping coefficient versus the 
Reynolds number at different values of the radius ratio. The curves were 
plotted from Eq. 60 as were the curves of Fig. 21. Either Fig. 21 or Fig. 
22 can be used to predict the fluid damping coefficient at specific values 
of the radius ratio and Reynolds number. Eq. 60 is valid for Reynolds 
numbers between 100 and 120,000 and for radius ratios from 0.133 to 0,91. 
The strong dependence of the fluid damping coefficient upon Reynolds number 
is very evident from an examination of Fig. 22. It would appear that the 
fluid damping coefficient is very dependent upon Reynolds number at all 
Reynolds numbers, but the damping coefficient is small at large values of 
the Reynolds number. 
Fig. 23 is a plot which was drawn to illustrate one way in which the 
question of neglecting viscous effects can be considered. The expression 
on Fig. 23 which is labeled is Eq. 5^ and the expression which is 
labeled is the part of Eq. 5^ which would remain if the Reynolds 
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number were infinite. This represents the potential solution for the added 
mass coefficient as developed from the experimental data, when is 
subtracted from k , and the result divided by k , the ratio of the vis-
act pot 
cous term of Eg., $4 to the potential term of Eq. 5^ is obtained. The 
curve on Fig. 23 was plotted by equating this ratio to 0.020, or 2^, and 
solving for the limiting Reynolds number for each a/b ratio. Points on 
this curve thus indicate the minimum Reynolds number at the particular 
radius ratio at which the actual solution varies from the potential solu­
tion by no more than 2%, Another way of stating it would be that at any 
radius ratio, if the Reynolds number is above the line, the potential 
solution could be used and the difference between the actual solution and 
the potential solution would be within 2.% of the potential solution. This 
curve thus gives an index of when the viscous effects can be neglected in 
terms of a certain percentage error. Eq. 48 is an approximate equation 
for from Haberman (l4). A similar plot to that of Fig. 23 was con­
structed using Eq. 48 instead of the k^^^ of Fig. 23. This plot was 
similar to Fig. 23. 
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VI. SUMMAHY AND CONCLUSIONS 
The problem under investigation was the study of the added mass effect 
and damping effect of a fluid on a rigid body accelerating in a viscous 
liquid which is confined in a rigid container. The particular problem 
consisted of the study of a sphere oscillating in a cylindrical tube con­
taining a viscous liquid. 
There are two general kinds of analytical solutions available for 
problems of this type. One of these is the potential solution and the 
other is the viscous fluid type of solution such as that obtained by 
Stokes. A basic objective of this study was to experimentally investigate 
the validity of each of these types of solutions. This included the study 
of the range of validity for each type of solution. 
To accomplish this objective, the experimental program was established 
to include the study of the parameters expected to be important. These 
parameters were the Reynolds number, the radius ratio, and the amplitude 
parameter. Dimensional analysis was utilized to develop equations and to 
regulate the collection and analysis of data in the experimental program. 
A preliminary series of experiments was conducted to justify the elimi­
nation of end effects. The end effects on the added mass coefficient and 
fluid damping coefficient are clearly shown on Figs. 9 and 11, respectively. 
Examination of Fig. 13 illustrates that the added mass coefficient is 
not a function of the amplitude parameter for the range of amplitudes test­
ed. Fig. ll+ illustrates the same thing for the fluid damping coefficient. 
These data cover a range of amplitude parameters from a value of 2.25 to 90. 
Fig. 15 illustrates the excellent agreement between Stokes' theoretical 
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solution and the experimental data for the added mass coefficient. This 
indicates that Stokes' method of ainalysis is valid over the entire range 
of Reynolds numbers tested and for all amplitudes tested, even though 
Stokes assumed only very small amplitudes. The same conclusions apply 
for the validity of Stokes' theoretical damping coefficient, as attested 
to by Fig. 16. 
Comparison of the potential solution with the prediction equation for 
the added mass coefficient is illustrated in Fig. 19. This prediction 
equation correlated all the experimental data. It may be concluded that 
the potential solution is satisfactory for large Reynolds numbers. 
For the general cases for which no theoretical solution is available, 
an experimental procedure similar to that used in this study can be 
utilized. Prediction equations can be developed which will give satis­
factory results. 
It is necessary that the experimental data be taken with care. A 
major reason for the good correlation between theory and experiment in 
this study is the fact that great care was exercised in acquiring the 
experimental data. The added masses were recorded within 0.1 gram and 
were considered accurate to within plus or minus 0.1 gram. The logarith­
mic decrements, utilized to evaluate the fluid damping coefficients, were 
evaluated over from 10 to 50 cycles. 
The prediction equation which was developed for the added mass 
coefficient was 
l-0.8T6(a/b) 
3.18+15.5(a/b)5'^°j 
1 (54) 
(Re)2 
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The prediction equation which was developed for the fluid damping coeffi­
cient was 
P rk.SO • 3.18 5150(a/b)13'l^ , 
^s ~ Re 1 Re 1 •' 
(Re)2 (Re)2 
These prediction equations, which were derived from the experimental data, 
satisfactorily correlated all the experimental data. The ranges of 
validity for these equations are for Reynolds numbers from 100 to 120,000, 
for radius ratios from 0.133 to 0.910, and for amplitude parameters from 
2.25 to 90. 
These ranges of validity reflect the ranges actually covered experi­
mentally. In the case of the Reynolds number, it is believed that the 
prediction equations would be valid for all Reynolds numbers above 100, 
although a maximum value of 120,000 was tested. Data for a Reynolds num­
ber of 100,000 correlated the potential solution satisfactorily, so data 
taken at any Reynolds number above 100,000 should also agree with the 
potential solution. As noted previously, the last term of Eq. becomes 
small as the Reynolds number becomes large, and Eq. 5^ approaches the 
potential solution for these conditions. Since the prediction equations 
are valid for low Reynolds numbers, such as 100, it appears that they 
should also be valid for Reynolds numbers below 100. 
The range of validity for the prediction equations should include 
radius ratios down to zero, although this was not verified experiment ally. 
The radius ratio of 0.133 was found to satisfactorily simulate a sphere 
in an infinite fluid, so data taken in relatively larger containers should 
agree with the prediction equations. As noted earlier, Eqs. $4 and 60 
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reduce to Stokes' theoretical equations for a sphere in an infinite real 
fluid as the radius ratio decreases to zero. It is believed that the 
prediction equations would give satisfactory results for radius ratios 
above 0.91, but less than 1.0, although this was not verified experimentally, 
Eqs. 5^ and 60 are based on experimental amplitude parameters from 2.25 
to 90. These prediction equations should be valid for values of the 
amplitude parameter above 90, corresponding to smaller amplitudes. The 
equations are not expected to be valid at all lower values of the amplitude 
parameter. As the amplitudes increase, with correspondingly smaller 
amplitude parameters, separation would be expected to occur and the pre­
diction equations probably would not give reliable results. 
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VII. SUGGESTIONS FOR FURTHER lîjVESTIGATION 
There appear to be several areas where future research could be 
profitably conducted. Some of the areas are listed below. 
1. Study the effects of larger amplitudes of oscillation on 
the added mass and fluid damping coefficients. — 
2. Study the effects of different roughness parameters on 
the added mass phenomenon. 
3. Study the effects of rotational oscillations on the 
added mass coefficient and fluid damping coefficient. 
4. Study the effects of an oscillating flow on the added 
mass phenomenon. 
5. Study the effects of oscillating a sphere along the axis 
of a cylinder when the cylinder is open at both ends, 
and is submerged in a large tank. 
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X. APPENDIX 
This appendix consists of the tabulated data. The Pi terms as dis­
cussed in the section on Dimensional Analysis, are identified below. 
M' 
TT, = k = T — added mass coefficient 
^1 - ^  - I f J  p  T j a  
2 
TTg = Reynolds number 
TT^ = T' radius ratio 
3 b 
TT^ = •^ sphere size to fluid depth ratio 
^ sphere submergence parameter 
= Y amplitude parameter 
Ti^ = roughness parameter 
c; 
TTg = fluid damping coefficient 
— ira p to 
The roughness parameter, ir„, is not listed in the following tables. 
I 
It was assumed that the roughness parameter was a constant for all experi­
ments. The sphere size to fluid depth ratio, vas kept at a constant 
value of 0.0703 for all tests except those in which the fluid simulated 
an infinite fluid. This value of O.O703 corresponds to a fluid depth of 
16.0 inches. The fluid depth for the simulated infinite fluid was 20.0 
inches. 
The fluid numbers and beam numbers listed in the following tables are 
identified in the Experimental Içlvestigation section. 
/ 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
2 
7 
2 
7 
2 
7 
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Experimental data for = 0.6^9, ir^ = 22.5, Fluid number 1 
^1 ^2 ^8 
14.22 0.852 78,500 0.0224 
9.85 0.953 77,900 0.0225 
7.53 0.966 72,000 0.0262 
6.10 0.972 72,800 0.0261 
5.12 0.973 72,800 0.0235 
5.12 0.970 72,800 0.0235 
3.12 0.966 76,100 0.0245 
2.00 0.975 76,000 0.0234 
1.75 0.975 75,900 0.0241 
1.44 0.977 77,000 0.0221 
1.23 0.985 77,000 0.0232 
1.23 0.985 76,800 0.0248 
1.19 0.985 76,900 0.0247 
I.l4 - 0.988 76,800 0.0320 
1.10 0.990 76,700 0.0524 
9.85 0.937 38,200 0.0298 
9.85 0.955 120,000 0.0232 
2.00 0.969 38,300 0.0301 
2.00 0.973 117,300 0.0244 
1.23 0.977 4o,8oo 0.0318 
1.23 0.970 115,800 0.0235 
2 
2 
2 
2 
2 
2 
6 
6 
6 
6 
6 
6 
7 
7 
7 
7 
2 
2 
2 
2 
6 
6 
7 
7 
2 
2 
2 
6 
6 
Experimental data for = 0,133, = 2.46 
Fluid TTg TTg TTg 
1 90.00 0.528 37,300 0.0174 
1 45.00 0.518 39,000 0.0173 
1 30.00 0.520 39,000 0.0156 
1 22.50 0.520 39,000 0.0151 
1 9.00 0.523 39,000 0.0163 
1 4.50 0.523 39,000 0.0175 
1 3.00 0.523 39,000 0.0160 
1 2.25 0.523 39,000 0.0159 
1 90.00 0.525 74,300 0.0117 
1 45.00 0.525 74,200 0.0114 
1 30.00 0.525 74,300 0.0113 
1 22.50 0.525 74,200 0.0107 
1 9.00 0.525 74,200 0.0112 
1 4.50 0.525 74,200 0.0118 
1 90.00 0.513 120,000 0.0092 
1 45.00 0.516 120,000 0.0088 
1 30.00 0.516 120,000 0.0080 
1 22.50 0.516 120,000 0.0091 
6 90.00 0.775 ll4 0.334 
6 45.00 0.770 111 0.327 
6 30.00 0.779 138 0.316 
6 22.50 0.779 138 0.324 
6 90.00 0.699 2l8 0.244 
6 45.00 0.702 218 0.239 
6 90.00 0.633 358 0.198 
6 45.00 0.630 358 0.196 
5 90.00 0.612 876 0.117 
5 22.50 0.615 876 0.125 
5 4.94 0.615 876 0.129 
5 90.00 0.585 1650 0.0766 
5 22.50 0.582 1690 0.0770 
5 90.00 0.555 2550 0.0754 
5 45.00 0.551 2710 0.0727 
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Table 4. Experimental data for = 0.649, = 2.00 
earn Fluid 
"6 *1 ^2 *8 
2 1 90.00 0.980 40,900 0.0297 
2 1 45.00 0.980 40,900 0.0300 
2 1 22.50 0.980 40,900 0.0304 
2 1 9.00 0.977 39,200 0.0313 
2 1 4.50 0.976 39,200 0.0322 
2 1 3.00 0.973 39,100 0.0336 
2 1 2.25 0.975 40,500 0.0312 
6 1 45.00 0.970 76,000 0.0220 
6 1 22.50 0.968 76,000 0.0221 
6 1 9.00 0.970 76,000 0.0222 
6 1 5.00 0.960 74,500 0.0226 
7 1 45.00 0.957 119,500 0.0190 
7 1 22.50 0.957 119,500 0.0185 
7 1 9.00 0.957 118,400 0.0185 
2 2 90.00 1.015 - 7,800 0.0790 
2 2 22.50 1.015 7,800 0.0757 
2 2 11.25 1.014 7,800 0.0783 
6 2 90.00 0.998 14,370 0.0639 
6 2 22.50 0.998 14,300 0.0574 
6 2 9.00 0.996 14,370 0.0543 
7 2 45.00 0.983 23,100 0.0456 
7 2 22.50 0.983 22,950 0.0438 
2 3 45.00 1.122 785 0.267 
2 3 22.50 1.128 771 0.259 
2 3 9.00 1.122 785 0.264 
6 3 90.00 1.082 1490 0.179 
6 3 22.50 1.080 1490 0.176 
7 3 90.00 1.038 2180 0.152 
7 3 45.00 1.038 2180 0.160 
2 4 90.00 1.375 127 0.789 
2 4 45.00 1.373 136 0.746 
2 4 22.50 1.365 132 0.761 
6 4 90.00 1.270 213 0.547 
6 4 45.00 1.260 228 0.525 
7 . 4 90.00 1.155 338 0.4l6 
7 4 90.00 1.153 350 0.420 
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Table 5. Experimental data for = 0.910, ir^ = 2.00 
Beam Fluid 
2 1 90.00 3.42 33,200 0.273 
2 1 22.50 3.44 32,800 0.289 
2 1 22.50 3.42 33,000 0.290 
6 1 90.00 3.36 62,000 0.190 
6 1 90.00 3.34 62,000 0.192 
7 1 90.00 3.41 98,600 0.175 
7 1 90.00 3.39 99,300 0.162 
2 2 90.00 3.56 6,820 0.791 
2 2 45.00 3.62 6,900 0.834 
6 2 90.00 3.53 12,540 0.514 
6 2 45.00 3.52 12,540 0.523 
7 2 90.00 3.43 20,000 0.460 
7 2 64.20 3.44 20,000 0.468 
2 3 150.0 3.84 633 4.11 
2 3 150.0 3.80 650 4.27 
6 3 250.0 3.77 1232 2.45 
6 3 250.0 3.72 1237 2.44 
7 3 450.0 3.62 1935 2.04 
T 1 3 450.0 3.65 1957 2.01 
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Table 6. Theoretical values 
^2 TTi* *8* 
100 0.818 0.363 
200 0.725 0.248 
400 0.659 0.170 
700 0.620 0.127 
1,000 0.601 0.105 
2,000 0.571 0.073 
4,000 0.550 0.051 
7,000 0.538 0.039 
10,000 0.532 0.032 
20,000 0.523 0.023 
40,000 0.516 0.016 
70,000 0.512 0.012 
100,000 0.510 0.010 
200,000 0.507 0.007 
*These values were calculated from Stokes* equation. See Eqs. 21 and 2k, 


